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The goal of this talk is to explain a

categorical perspective on monoids .

First let's do the standard definition .

#Definition : A monoid ( ..) consists of

·a set M

[Datai
. a map : MXM-> M ,

(mimamimy
!!

such that the following hold mimz

Axioms : I
& *meimz ,myEM (mi mz) ·my = mi (mz mj)

· 71EM FmeM m - 1= m = 1 . m

Example: -1) (21],) forms a monoid
,
called trivial

-

0 (2 it) forms a monoid .

monoid .

1) Every group (6.. ) forms a

monoid .

2) Let M= ( 1 ,
s
, E , 82] with

the following multiplication :

1. x = x= X -1 ge 6182=Es = 52 soz= En1

↓xE M 5 =52 5251= 82 &3 = 8
, 825 =62

52=1



this defines a monid ,
which is not a

group .

3) Given a monoid (M .)
,
there is the

opposite monoid MOP
,
whose set is

M and miopMz= Mi
. Me -

4) Let X be a set. The pair

(Maps (X ,X) , %) forms a monoid
.

-
composition of maps

5) LetI be a category .
Let

C I be an object. The pair
(Ende(c) , % forms a monoid called

↑

composition in 2 .

the endomorphism monoid of C .

Remark : The next construction shows that
-

every
monoid appears in this way :



&finition: Let (M ,. ) be a monoid . Define

the classifying category BM of M
with

66(BM) = 4* unique object
-tienHompn(z ,z):= M ,

0: composi
is multiplication in

M .

Example: 1) Let M = <1 , 5 ,
81 ,02] one

might draw BM as

1=idi some people call

& DS BM the
·z ↑ delooping of M .

5.
0 Vo

2) we have by definition

(BM)
%P

= BMP

M
opposite
category



Definition : Let (M ,.) be a monoid .

Let X be a set. A left action of M on X is

Rata : [A map MXX-X , (m ,x) ++m . X

Axioms : S Vm ,mzEM XXeX (mi mz) . X= mi (22x)
-

VxeX 1 . X = X
.

Example ! Definition :
-

Let (M , .) be a monoid .

6) M acts one a one-point set [0]

by setting m . 0 =0 for all meM.

We call this the trivial M-Set .



1) Macts on M by setting
I

m . m := m . m
↑action ↑multiplication in M

We call this the regular M-set/
the regular M-action .

2) Assume M acts on X
.

Let

↑&X be a subset s .
t .

AmeM FyeY moyeY ( we call

↑ a M-subset of X)
.

Then

Macts on Y
.

3) Let M = 2 1 ,
5 , G 1 823 , be the

monoid from before. View it as M-Set

via the regular action .

The subset Y= 401 , 62] M

is an M-subset and hence an M-set-

4) Let X be a set
. Then (Maps (X,X) ,

0)
acts on X via fox : = f(x)

feMaps(X , X) , x =X .



Refinition: Let (M.) , (M' ,) be monoids .

A monoid morphism from M to M' is

Data: A map f : M + M

Axioms: -minzeu : f (m. mu)= f (mm) · f(mz).
f(1) = 1 .

A monidisomorphism from M to M' is a bijective
monoid morphism .

v

S

ihen () : 6-68
gr gl

is a bijective monoid morphism .



Eample: Let (Mi) be a monoid .

6) The constant mup p : M -> [1]

is a monoid morphism .

1) The identity mup idn :M->M

is a monoid isomorphism (M .) ->(Mi

2)The identity map idn: M-> MOP

is a monoid isomorphism (M.. ) -> (M , op)

if and only if M is abelian Um
,meM

m mz
=

myn,

3) Let 26 ,) be a group.
Then () : 6-68

-

gt g
is a monoid isomorphism

4) Let M = 21 , 5 , 81 ,823 ; from before .

There is no monoid isomorphism M->MOP
F

Indeed : & - M satisfies AmeM m=on
-

there is no element XEM s.
t

. AmeM

m
.X=X)

.

An isomorphism M-MoP wouldman



5) Let 2 ,
D be categories ,

F : 2-> D a functor .

Let zel be an object. Then

F : Endy(c)-> Endg(F(c)
f-->F(t)

is a monoid morphism .

6) There is a monoid isomorphism

(M=( 1 , 5 .01 ,3.)-> /Maps(31 ,23 , 11 ,23)
,
07

11- idnis 11

si in2) X
2+1

die /14 1S #2+1

Ent / 11
->2 *21+ 2



7) Let (M .. ) be a morvid acting
on a set X .

The action morphism M -> Maps(X ,X)
mi (m .

-
: x+m

is a monoid Morphism .

The following lemma phrases this more

precisely .



! Let (,) be a monoid
,
let X be a set.

The 1 : 1-correspondence (adjunction/currying)
A:A

Maps (MxX ,X) Maps (M . Maps (X)
f -> [mi) (x+ f(m)]

((mix)+g(m)(x)]-1 g

restricts to a bijection

1 :A
monoid morphisms

& Actions ·of (MiYE* I 3
on X f = M - Maps (X,X

.

Under this bijection an action corresponds

to it's action morphism .

1 : 1

Proof : Since > is a bijection ,
it

-

is enough to show that these

two sobsets are mupped under the
bijection onto each other .



"=
"

Let o be an action of (M . > ou X
.

Let mimzeM . Let xzX

(mi -> 0(z.

-))(x) mi - (mi -)(x)
=(m -)(mix)

= mi . (mz-x)
= (m mz) -X

= (mi .mz) . -)(x)
Hence the action morphism mit . -)

is a monoid morphism . (Also4 . -)(x) = 1 .x=X

= id()
14 2

En Let f : M -> Maps (X ,X) be a monoid

morphism .
We have to check that

~ of X : = f(x) (m) defines an action
.

Indeed let m ,mitM , xEX. The



Def
mi+ (mi + x) = mit (f(mz)(x)

Def
=> f(m)(f(mz)(x)

Bet composition
=(f(m) of(nz))(x)
f is monoid

mashism (f(mimz))(x)

Det (m mz] - X

Also 1 . x (e f(l)(x) = idx(x) =X
.

Frid
morphism

Hence it really defines an action -

*



↑finition: Let (M 1.) be a monoid and

( , ) be a M-set
.

The universal category UX of X is

is the category with

bjeats: ob(uX) = X

*phises: Horux (X- , x2) = Gm+M /m . x=x]
M1 m2

tion : Let X
+-X21x2 X3composi

-

be morphisms . Define myom :=mzomyM

↑

Note: this is indeed an element in
-

Horux (X1 , X]) since
Action ass.

(m2 · me)- x, = mz . (mi X ,)
Det
= mz Xz
Daf

idx = 1 M
.

= X] . S



Example : 1) Consider the trivial action of

M = (1 , 5 , 61162) on X=40]
1= idi

Picture of U10] = &
5.

0 Vo

2) Let (Mi) be a monoid .

Let X= 40] be the trivial X-set.

Then we have an equivalence
U403 = BM given by

calling 0 Z
.

3) Consider the action of

M = 41 1 5 , 8182] on X = 41 ,23

Then UX looks as follows :
1 1

A & ↑
2

1 S 2
->
->

U J2 U
En 82



4)consider the regular action of
M= [1 , 5, 01 ,23 on M .

Then UM looks as follows :

se

.
A ↑
an = o
U J2

En 82



5) Let G be a group .

Let X be a G-set. som2 call it
& the action

Then UX is a groupaid . groupoid ofX

7
9 5

> Indeed xy X2 has inverse x2->Xe

Moreover there is a bijection :

1: n

2objects in X)/ -> G-orbits

of X .

isomorphism
-

11

mi(uX)

6) special case : Let 6 be a group .

Then BG and U6 are groupoids
There is a unique iso-class in BG andUG

given by z which corresponds to the
have

fact that the trivial/regular 6-sets 1-orbit.



4inition: Let ( ..) be monoids , X ,Y

be M-sets. A morphism X-Yof M-sets is
Data: A map F: X-TY
-

Axiom: FmeMXXEX f(m . x)= m .

+ (X) .-

We write M-Set for the category of M sets.

Example : 1) Let (M , ) be any
monoid

,

* an M-set and 30] be the trivial

M-set. The constant map

p
: X-> 203 is a morphism of

M-sets .

2) Let 4- X be a M-subset .

The inclusion

L' ↑ -> X is a morphism
of M-Sets ,



&
Definition: Let M ..) be a monoid .

X Y M-sets , x EsY Morphism of M-Sets.

We define a functor

Uf : UX->HY givenly
Mobjects: (uf)(x):= f(x)

morphisms :

(4) (x x)) :=(f(x) f(x))
~ Note: This morphism in the image-

exists since & morphism of M-sets
↓

m . f(x) = f(m -x)

=f(x))
-T

Ass.



Example/Definition :

1) Let (M,. ) be a monoid
,
X be a M-set .

The constant map p : X -> 40]

induces a faithful functor

#x : = Hp = UX -> U(0]=BM

called friendly projection.

2) Let M = 4 1 , 5 , 61 ,62]

We saw three M-Sets : 40] , 40 , 623 c5M.

Undich] um

1
A & ↑ Um
Es = G
2)

s
E * A ↑

↳ to#1
,dil

1=1dB

4
S

⑧

ULOS= BM GrE



#Definition:

We define a functor
1-

U : M-Set > Catism slice category
of small

X ( categories
over BM .

(X (T)- lux-UY(
Uf

(TW]"/
BM

We call U the unstraightening.

Lemma :
-

U is fully faithful .

&f: Eithful:

Let X Y be two morphism of M-sets

with fi Ffz , i .e .
5xeX fi(x) + f(x)



But then (Hf)(x) = G(x)+ fz(x) =(4 fz)(x)

Hence Ufe and Ufz are different functors .

Ufi #Ufz -

Ei
Let X ,

↑ be M-sets
.

Let F :UX-Ui

a functor over BM .In particular F consists of

a map X = ob(UX)-> ob(ui)=Y,

call this map f

We claim f is a morphism of M-sets .

Let meM X-X
.
In UX there is
M

a morphism X -> m -X
,

Applying F we get a morphism Flu) in MY
.

UX
m

F F(m)
X->m-X ~ f(x)-f(m -x) UT

, for sime

mxh S m'EM .

Mz BMz-



Since zuz =Mx(x= m -x)
=(πyF)(x=x - x)

= πr( f(x) ( +) f (m -x)
F(m)

= z- z

=> m : f(x)-- f(m -x) in UY
which means by definition

f(m - x) = m - f(x)

=> f : X->↑ is morphism of M-Sets ,

moreover it is clearly mapped to

F : UX-UY

=> U is full . *

mark : The following lemma describes

the essential image of the
frector U

.



W
aa : Let

# Le Catn . The following
BM

are equivalent:
-

- =

and W
-> UX for

i) 5X iso

#1 x
some M-set X

M-set
BM f

isomorphism of categories over BM

ii) MEM Fuel 7 ! u'eC

5.Ei such that it(f) =m

7 ! f -
U -> J ! u

we call
We call such T↓ #(f) &

#

: = m-Ab=> I
-

Mi U->BM
im and write

m
a cocartesian fibration, Z ->z

&gam

Proofi i)=> ii) Clearly UX satisfies
-

-

BM
this property meM , x eX xx =m.XX*X



Moreover this property is preserved under
isos of categories.

U
ii) => i) Given such Th

X

we define X := d2

and an action of M on X by setting
m c = c'c

given by property is).
Note that this indeed an action:

idu

· We have ->u which is mapped under

f to 1 which shows by uniquesess
Z -> Z

that 1 - c = C
.

n -7 ! 1m

· Let minceM wel Want to show (w:Mz) Se
11

nimz 3 (m , m2) Cl ni(mz-a)
-
↑R

m1

u-> mic- mi . (mix)



Now M (m,0m2) = (m)0 + (mz)
=> my. M2 in M .

Uniqueless
=> (my. m2) · (= mi (mz -4)
In total we see that X is M-set .

By direct inspection the fonctor

U -> UX .

is an
+-H i isomorphism

( fu) (n+f) of categories.
S#

Definition:

We write CoCart (BM) = Catlim
for the full subcategory of Lat,pu whose
objects are cocartesian fibrations
over BM .



Question: What are categories
2

↓ over BM equivalent to
BM ( but not necessarily isomorphic to >

a friendly projection T 2



Remark : Let (M .. ) be a monoid .

-

There is an isomorphism of categories
-
-

-M-Set
-> Fun(BM , Sets]

functor category
&of: Let (X i) be a M-set .

Define a frector Ex : BM-> Set

by setting Fx(z) = Y

Fx(m) = m. - :X-X

(Note : Ex is indeed a functor
,
since

-

the action morphism is amonoid

morphism) .
Given two M-sets X

,
4 and a

morphism f : X -> 4 of M-Sets

we define a natural transformation



*: #x = Fr by setting

(*f)i : Fx(z)
-Fy(z) toba f .

11
X H

This is indeed a natural transformation ,
since for mem we have

-

=x(m)

-//
M

=x(z) = X- X= Fx(z)

↓ If /// - ↓ F
Fy(z) = Y =Y = Fr(z)
=T

since all inner
#(m) squaes commute

the outer oneco wertes .



In total we get a frector

# : M-Set -> Fun (BM , Sets)
(i)n Ex

(x],i) Ex F
.

An explicit inverse of Eis

given by
the fuctor

&Fun (BM , Sets)- M-Set

on objects F=> F(z)
T

this is canonically
a Maps (F(z) ,F(z)),

-set
and in particular M-set
via F : M -> Maps (F(z),

1 F(z))
Hompm(ziz

on morphisms
x : F=G + > 4z: F(z)-G(z) .



Check that these two fonctors are

indeed strict inverses .

*

Exple: Let (M ,. ) be a monoid
.

Then

Set-MEMPSetEFun(B(MP) , Set)
↑ Il
the category of

Fun (LBM) , Set)right M-sets
and morphisms of 1 Def

-

right M-sets PSh(BM)
We can put together what we
saw thus far :



Next we want to consider how

monoid-morphisms and universal

categories of monoids interact .

Lemma: Let (Mni)i/Mzi) be monoids .

Let f
M->M2 be a monoid morphism .

Let X be an M2-set . Then the

assignment meMe XeX MiX := f(m)-X

turns X into a Me-set .

We call this

#Set res(X) the restriction of X along
&

roof : Exercise
.



Theorem : (Special case of baby version
of straightening unstraightening)

Let (M
, %) be a monoid. There

are inverse isomorphisms of categories
Cat/ism

cocart UI
Subcategory

cocart-

S => Fun (BM , Sets) : UnSt : Cocart (BM
-

Il

called straightening" and "unstraightering".
For a cocartesion fibration p : U->BM

the value of stocat(p) : BM-> Sets

at zEBM is the fibre p(z)= ob U .

f
Furthermore if M-> Mz is a monoid

1

morphism the unstraightening equivalence
sends the precomposition functor

- oBf : Fun (BM2 , Sets)->Fun (BMm ,Jet
to the pollback
(Bf)*: Cocart(BM2)-CocutBM1) .



~The last part means :

Let (Mni)i/Mzi) be monoids .

Let MEM2 be a monoid morphism .

Let X be an M2-set . Let resf X be

the M-set whose underlying set isX
and with action

MEM XEX Mi Xi= f(m) -X

Then we have a pullbach diagram

UresyX) -- UX

Tres↓ ↓iX
BM
, >BM2 ↓


